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Abstract
Appending new microstates to a system inevitably increases the entropy associated with a
fixed macroscopic configuration. If those extra degrees of freedom are short-distance modes,
then their long-distance effects are encoded by higher-dimension operators. In the context of
Einstein-Maxwell theory, these corrections modify the entropy of a charged black hole through
the Wald entropy formula. Requiring that the shift in black hole entropy be strictly positive
at fixed mass and charge then mandates new positivity conditions on the coefficients of higher-
dimension operators. These bounds imply that the coefficient of the Riemann-squared term
is positive and that the charge-to-mass ratio of an extremal black hole asymptotes to unity
from above for increasing mass. Large extremal black holes are thus unstable to decay to
smaller extremal black holes, which automatically satisfy the weak gravity conjecture. Our
results generalize to arbitrary spacetime dimension and to the case of multiple gauge fields.
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1 Introduction
In this paper we argue that black hole thermodynamics implies new constraints on the coefficients
of higher-dimension operators. Our results are based on a certain universal property of entropy.
In particular, consider two systems T and T˜ that are identical but for the fact that the former
contains additional short-distance degrees of freedom. Furthermore, let us assume the existence
of coarse-grained observables labeling a set of common macrostates for both systems. It is then
possible to prepare T and T˜ in configurations that are macroscopically indistinguishable. By
construction, every microstate in T˜ is in one-to-one correspondence with a microstate in T with
zero occupancy in the additional short-distance modes. Since T also exhibits microstates with
those degrees of freedom excited, it has a greater degeneracy of microstates consistent with the
macrostate, so
∆S = S − S˜ > 0. (1)
In short, for two systems prepared in macroscopically indistinguishable configurations, the system
with extra microscopic degrees of freedom will have higher entropy.
The same logic also applies to black holes, provided their entropy is a measure of microstate
degeneracy as commonly believed. Our setup is described by Einstein-Maxwell theory augmented
by additional heavy states of sub-Planckian mass. At long distances these degrees of freedom are
integrated out, yielding an effective Lagrangian
L = L˜+ ∆L, (2)
where the first term describes pure Einstein-Maxwell theory,1
L˜ = 12κ2R−
1
4FµνF
µν , (3)
and second term encodes low-energy corrections,
∆L = a12κ2R−
a2
4 FµνF
µν
+ b1R2 + b2RµνRµν + b3RµνρσRµνρσ
+ b4RFµνF µν + b5RµνF µρF νρ + b6RµνρσF µνF ρσ
+ b7FµνF µνFρσF ρσ + b8FµνF νρFρσF σµ.
(4)
Here the contributions from wave function renormalization and higher-dimension operators are
parameterized by ai and bi, respectively. Without loss of generality, we have dropped all terms
involving ∇ρFµν , which are equivalent via the Bianchi identities to terms already accounted for
or terms involving ∇µF µν [1], which vanish in the absence of charged matter sources, which we
assume throughout.
1Throughout, we work in units where κ2 = 8piG, metric signature (−,+, · · · ,+), and sign conventions Rµν =
Rρµρν and Rµνρσ = ∂ρΓµνσ − ∂σΓµνρ + ΓµραΓανσ − ΓµσαΓανρ.
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Note that sub-Planckian higher-dimension operators like those in Eq. (4) are an unambiguous
signal of new degrees of freedom below the Planck scale. That is, if Eq. (4) is taken as a starting
point, then perturbative unitarity of high-energy graviton and photon scattering mandates the
existence of additional massive states. For this reason, the presence of higher-dimension operators
at low energies is equivalent to the statement that there are new short-distance degrees of freedom.
The perturbed and unperturbed theories defined by L and L˜ correspond to the systems T
and T˜ discussed previously. These theories share a common macrostate: a black hole of a given
mass and charge as measured at spatial infinity. Implicitly, this designates mass and charge
as our canonical macroscopic variables, as is natural from the perspective of no-hair theorems.2
Crucially, our analysis relies purely on black holes that are much larger than the Planck scale and
thus accurately described by classical general relativity. For this reason, we can compute the black
hole entropy in the perturbed theory using the Wald formula [2],3
S = −2pi
ˆ
Σ
δL
δRµνρσ
µνρσ, (5)
where the integration region Σ is the horizon and µν is the binormal to the horizon, normalized
so µνµν = −2. The bulk of our technical analysis will be the explicit evaluation of Eq. (5).
We compare this with the Reissner-Nordström black hole of pure Einstein-Maxwell theory, whose
entropy is given by the Bekenstein-Hawking formula [4, 5],
S˜ = 2piA˜
κ2
, (6)
where A˜ is the area of the black hole.
Since Eq. (5) depends on the low-energy corrections in Eq. (4), the positive entropy shift
mandated by Eq. (1) implies a new class of positivity bounds on the effective field theory. As
we will see, in a weakly coupled ultraviolet completion the entropy shift is dominated by higher-
dimension operators over a range of black hole masses. This produces a one-parameter family of
constraints on the corresponding parameters bi labeled by the charge-to-mass ratio of the black
hole from which the bound was derived. For a neutral black hole, these bounds imply that the
coefficient of the Riemann-squared term is positive.
For the near-extremal case, we obtain a positivity condition on a very specific combination
of higher-dimension operator coefficients. Remarkably, it is this exact combination of parameters
2This choice allows for a straightforward and unambiguous notion of microstate degeneracy defined by the
number of microscopic configurations of a fixed total energy and charge. In comparison, temperature is neither
additive nor an intrinsic property of the microstates, so computing the entropy at fixed temperature requires
knowledge of the partition function and the precise statistical ensemble describing a black hole. Moreover, in
certain statistical mechanical systems it is possible to decrease entropy at fixed temperature by adding microstates
that decrease the average energy. On the other hand, adding microstates at fixed energy always increases entropy.
3A general formula for entanglement entropy has also been proposed [3], but this reduces to the Wald formula
for the static Killing horizons relevant to our analysis.
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Figure 1: Objects of maximal charge shown as a function of mass m and charge-to-mass ratio
q/m. A state can only decay if there is a lighter state with a higher charge-to-mass ratio. Higher-
dimension operators induce corrections to the extremality condition for black holes. If these
corrections are positive, then the WGC is satisfied (upper solid curve) and black holes are unstable
to decay down to the Planck scale where the ultraviolet completion takes over and presumably
mediates their decay into conventional particles. If these corrections are negative (lower solid
curve), then the WGC mandates additional light, superextremal particles to avoid an infinite
number of stable extremal black hole remnants.
that also enters into the correction to the extremality condition for black holes due to higher-
dimension operators. In particular, we find that the charge-to-mass ratio for an exactly extremal
black hole satisfies
q
m
− 1 ∝ ∆S, (7)
where the right-hand side is positive by Eq. (1). The entropy shift arises from higher-dimension
operators whose effects decouple at long distances, so the charge-to-mass ratio asymptotes to unity
from above as we consider larger and larger extremal black holes. Charge and energy conservation
then implies that it is always possible for an extremal black hole to decay to smaller extremal
black holes since the latter have a higher charge-to-mass ratio, as shown in Fig. 1. Remarkably,
the existence of such states is precisely mandated by the weak gravity conjecture (WGC), which
asserts that an Abelian gauge theory consistently coupled to gravity must contain a state whose
5
charge exceeds its mass in Planck units [6], so
q
m
> 1. (8)
The main result of this paper is that this bound is automatically satisfied by small black holes.
Though mysterious at first glance, the connection between entropy and extremality in Eq. (7)
actually follows immediately from the near-horizon properties of the metric for a charged black
hole. As we will show, this connection enables us to straightforwardly extend all of our arguments
to the multi-charge generalization of the WGC [7].
The WGC is satisfied in concrete examples and is strongly motivated by folk theorems that for-
bid precisely the kind of exact global symmetry that arises in the vanishing-charge limit. Moreover,
the WGC is a celebrated avatar of the so-called swampland program [6,8–10], whose ultimate aim
is to systematically delineate regions in effective field theory space consistent with quantum grav-
itational ultraviolet completion. A related effort has sought to exclude regions of the low-energy
parameter space using infrared consistency conditions, e.g., constraints from causality, unitarity,
and analyticity of scattering amplitudes [10–14]. While the WGC has previously eluded a formal
general proof, the present work demonstrates that it is mathematically equivalent to a certain
well-motivated property of black hole entropy.
The remainder of this paper is organized as follows. In Sec. 2, we review how the low-energy
parameters in Eq. (4) arise in explicit ultraviolet completions. In order to constrain the coefficients
of higher-dimension operators, we are compelled to consider black holes of a certain mass range
in a certain broad class of theories. Afterwards, in Sec. 3 we present the perturbative solution for
a charged black hole in the presence of higher-dimension operators. We then compute the black
hole entropy in Sec. 4 and translate the positivity of entropy shifts into a new class of bounds on
higher-dimension operator coefficients in Sec. 5. After discussing the implications of these results
for the WGC, we conclude in Sec. 6.
2 Parameter Space
In this section, we present an estimate of the perturbative corrections parameterized by ai and bi
in Eq. (4). In order to bound bi, we restrict to a physical setup whose dynamics are dominated by
bi and not ai. This criterion will force us to consider black holes within a certain range of masses
and for certain types of theories. Here we discuss two basic classes of ultraviolet completion
corresponding to whether the corrections from massive states enter first at tree level or loop level.
2.1 Tree Level
Consider the case where the corrections in Eq. (4) are generated at tree level. This occurs in string-
theoretic ultraviolet completions, where a tower of additional modes will generically couple to the
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graviton and photon. As a proxy for these new states, we consider a massive, gravitationally-
coupled scalar φ. This field couples to the curvature and electromagnetic field strength as ∼ φR/κ
and ∼ κφF 2, so integrating it out produces operators of the form R2, RF 2, and F 4 with coefficients
b1,2,3 ∼ 1
κ2Λ2 , b4,5,6 ∼
1
Λ2 , b7,8 ∼
κ2
Λ2 ,
(9)
where Λ is the mass of φ. Meanwhile, at one loop, the scalar induces wave function renormalization
parameterized by
a1,2 ∼ κ2ΛD−2, (10)
encoding power-law divergent renormalizations of the gravitational constant and electric charge.
Here we apply the usual effective field theory prescription that drops formal divergences but retains
contributions coming from physical mass scales.
Now consider a charged black hole with q ∼ m and horizon radius ρ. The curvature and
electromagnetic field strength go schematically as R ∼ 1/ρ2 and F ∼ 1/κρ. To evaluate the
relative importance of ai and bi to the dynamics, it suffices to compare their contributions to the
Lagrangian evaluated on the black hole background solution. A straightforward calculation yields
a1
κ2
R + a2F 2 ∼ Λ
D−2
ρ2
and b1,2,3R2 + b4,5,6RF 2 + b7,8F 4 ∼ 1
κ2Λ2ρ4 .
(11)
Requiring the former to be subdominant to the latter implies that
ρ 1
κΛD/2 ,
(12)
which is an upper bound on the size of the black hole in order for bi to overpower ai. Since Λ is
sub-Planckian, this constraint is consistent with ρ  1/Λ, which is necessary to remain within
the regime of validity of the effective field theory.
2.2 Loop Level
Now let us turn to the case of an ultraviolet completion in which the low-energy corrections first
enter at one loop. A classic example of this occurs for a massive charged particle, which generates
R2, RF 2, and F 4 with coefficients
b1,2,3 ∼ ΛD−4, b4,5,6 ∼ ΛD−4
(
λ
Λ
)2
, b7,8 ∼ ΛD−4
(
λ
Λ
)4
, (13)
where Λ and λ are the mass and charge of the particle, respectively. Loops of charged particles
also induce
a1 ∼ κ2ΛD−2 and a2 ∼ λ2ΛD−4, (14)
corresponding to wave function renormalization.
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We again consider a black hole of size ρ with q ∼ m. Moreover, we assume that the mass and
charge of the particle satisfy λ2 ∼ κ2Λ2, so all contributions are of similar order. Plugging this
into the action, we obtain
a1
κ2
R + a2F 2 ∼ Λ
D−2
ρ2
and b1,2,3R2 + b4,5,6RF 2 + b7,8F 4 ∼ Λ
D−4
ρ4
. (15)
Again requiring the latter to be more important than the former, we find that
ρ 1Λ . (16)
In this class of theories, the black hole must be so small that it necessarily leaves the regime of
validity of the effective field theory, ρ  1/Λ. Hence, for a theory where every single low-energy
correction first arises at one-loop order, there is no set of black holes for which the effects of bi
dominate over those of ai. This is expected since both ai and bi are generated at one loop.
2.3 Region of Interest
The above analysis shows that the higher-dimension operator coefficients bi dominate over the wave
function renormalization coefficients ai provided the former have some contribution generated at
tree level and the black hole is sufficiently small. As shown in Sec. 2.1, while the bi can receive
contributions at loop level, it is sufficient to assume some tree-level component to guarantee that
wave function renormalization can be neglected. For the remainder of this paper, we restrict to
theories and black holes conforming to these specifications.4
Note that the appearance of a tree-level contribution in the ultraviolet completion is very gen-
eral and in fact automatic in any weakly coupled theory of quantum gravity, as noted in Ref. [14].
In particular, weak coupling implies the existence of a well-defined ~ expansion that invariantly
distinguishes between processes that are tree, one-loop, etc. Of course, in a general effective field
theory one cannot know a priori which assignment of ~ factors is appropriate for various higher-
dimension operators. Nevertheless, gravitons exhibit an infinite tower of self-interactions, which
are inextricably linked by diffeomorphism invariance. Consequently, graviton interactions all share
the same ~ counting as the graviton kinetic term, which enters at tree level. At sufficiently high
energies, tree-level graviton scattering violates perturbative unitarity so the required unitarizing
degrees of freedom must also enter at tree level to maintain consistent ~ counting. Integrating out
these massive states then induces tree-level contributions to higher-dimension operators.
In light of our assumption of a weakly coupled ultraviolet completion, it will be convenient to
define a set of rescaled higher-dimension operator coefficients,
c1,2,3 = κ2b1,2,3, c4,5,6 = b4,5,6, c7,8 = κ−2b7,8. (17)
4To ensure a proper comparison of black holes of the same macroscopic mass and charge, we fix the gravitational
constant and gauge coupling in the infrared. While this implies that these parameters differ in the ultraviolet by
an amount controlled by ai, these corrections are subdominant to the effects of the bi in our regime of interest.
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As we will see shortly, this is the natural basis in which to express quantities relevant to a black
hole. For the weakly coupled ultraviolet completions we discussed earlier, the coefficients ci ∼ 1/Λ2
are controlled by the same physical mass scale.
3 Black Hole Spacetime
We now turn to the study of a spherically symmetric, positively charged black hole of massM and
charge Q in the presence of low-energy corrections to pure Einstein-Maxwell theory. For simplicity,
we restrict to D = 4 dimensions for the remainder of the body of this paper, but all of our results
generalize to arbitrary spacetime dimension D ≥ 4, as shown in App. A.
Our aim is to derive new bounds on bi, so our results only apply in a scenario where ai can be
neglected. First, as noted previously, this restricts us to low-energy corrections that are generated
at least in part at tree level, which is the case for any weakly coupled ultraviolet completion of
gravity. Second, we have to consider black holes that are large enough that the effective field
theory is valid but small enough to satisfy Eq. (12), so 1/Λ  ρ  1/κΛ2, where Λ is the mass
scale of the new states. This range always exists provided there is a parametric separation between
Λ and the Planck scale. Restricting to these conditions, we henceforth ignore ai entirely and only
include the effects of high-dimension operators via bi.
For notational convenience, we define variables describing the mass and charge variables in
natural units of the gravitational constant,5
m = κ
2M
8pi and q =
κQ
4
√
2pi
. (18)
We also define the extremality parameter,
ξ =
√
1− q
2
m2
, (19)
where a neutral black hole corresponds to ξ = 1 and an extremal black hole corresponds to ξ = 0.
Note that the mass and charge are defined at spatial infinity. Since we will only consider static
spacetimes, the ADM and Komar formulations of these quantities are equivalent. Explicitly, the
Komar mass and charge are
M ∼ 1
κ2
ˆ
i0
nµσν∇µKν and Q ∼
ˆ
i0
nµ∇νF µν , (20)
where the integral region i0 is spatial infinity, nµ is the unit timelike normal vector, σµ is the unit
spatial outward-pointing normal vector, and Kµ is the timelike Killing vector. Since the integral is
evaluated at spatial infinity, only the leading behavior at large r contributes to these expressions.
5In D dimensions, the mass dimensions of various quantities are [κ2] = 2 − D, [R] = 2, [F ] = D/2, [M ] = 1,
[Q] = 2−D/2, [m] = [q] = 3−D, [a1,2] = 0, [b1,2,3] = D − 4, [b4,5,6] = −2, [b7,8] = −D, and [ci] = −2.
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Because higher-dimension operators correct the metric and gauge field at subleading order in r,
they do not affect the definition of the asymptotic mass and charge.
3.1 Unperturbed Solution
The unperturbed theory is described by the Lagrangian for Einstein-Maxwell theory in Eq. (3).
The solution is the Reissner-Nordström black hole, whose metric takes the static and spherically
symmetric form
ds2 = g˜µνdxµdxν = −f˜(r)dt2 + 1
g˜(r)dr
2 + r2dΩ2, (21)
where the unperturbed metric components are
f˜(r) = g˜(r) = 1− 2m
r
+ q
2
r2
(22)
and the unperturbed electromagnetic field strength is
F˜ = Q4pir2 dt ∧ dr. (23)
The unperturbed event horizon is the outer horizon of the Reissner-Nordström black hole and is
located at the radius r = ρ˜, where
ρ˜ = m+
√
m2 − q2 = m(1 + ξ). (24)
The absence of a naked singularity implies that the charge is bounded by the inequality
q
m
≤ 1, (25)
which is saturated in the case of an extremal black hole.
3.2 Perturbed Solution
In the presence of the higher-dimension operators in Eq. (4), the perturbed metric takes the form
ds2 = gµνdxµdxν = −f(r)dt2 + 1
g(r)dr
2 + r2dΩ2, (26)
where the metric components are complicated functions of the coefficients bi. However, as shown in
Refs. [15,16], it is straightforward to compute corrections to the Reissner-Nordström solution order
by order in bi. Following the prescription in Ref. [15] applied to the higher-dimension operators
in Eq. (4), we find that at first order in bi the radial component of the metric is
g(r) = 1− 2m
r
+ q
2
r2
− q
2
r6

4
5(c2 + 4c3)(6q
2 − 15mr + 10r2)
+8c4(3q2 − 7mr + 4r2) + 45c5(11q
2 − 25mr + 15r2)
+45c6(16q
2 − 35mr + 20r2) + 85(2c7 + c8)q
2

, (27)
where the coefficients ci are defined in terms of bi in Eq. (17).
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4 Calculation of Entropy
We now compute the corrections to black hole entropy induced by higher-dimension operators. To
the extent to which black hole entropy encodes microstate degeneracy, the logic in Sec. 1 applies
and the entropy shift is positive by Eq. (1). While this microstate counting interpretation is an
assumption, we believe it to be extremely well motivated. Famously, for example, microstate
counting correctly accounts for the entropies of extremal black holes in string theory [17, 18].
Moreover, the very notion of assigning a thermodynamic interpretation to the Bekenstein-Hawking
entropy of black holes is motivated by the second law of thermodynamics [19]. The Wald formula
generalizes these concepts in the presence of higher-dimension operators [2] and is constructed
precisely to satisfy a version of the first law of thermodynamics.
Of course there also exist intrinsically quantum mechanical formulations of black hole entropy,
e.g., as the von Neumann entropy associated with quantum entanglement [20, 21], encoded holo-
graphically as the area of an extremal surface [22,23]. However, since a large black hole is a highly
thermalized quantum system, the expectation value of the entanglement entropy is simply the
thermodynamic entropy.
4.1 Wald Entropy Formula
Our analysis centers on black holes of size much greater than the Compton wavelengths of the
heavy modes. A major advantage of this approach is that the effects of all short-distance degrees
of freedom are encoded purely by higher-dimension operators. Moreover, even though these states
are absent from the low-energy theory, their contributions to the entropy are fully accounted for
by the Wald formula in Eq. (5).
For a spherically symmetric spacetime, the integral in Eq. (5) is trivial, yielding
S = −2piA δL
δRµνρσ
µνρσ
∣∣∣∣∣
gµν , ρ
, (28)
where all quantities are evaluated for the perturbed metric and perturbed horizon radius, ρ =
ρ˜+ ∆ρ. The perturbed horizon area is A = 4piρ2 and the binormal is
µν(r) =
√√√√f(r)
g(r) (δ
t
µδ
r
ν − δrµδtν). (29)
Expanding the area A = A˜+ ∆A and the Lagrangian L = L˜+ ∆L in perturbations, we obtain
S = −2pi
(
A˜
δL˜
δRµνρσ
+ A˜ δ∆L
δRµνρσ
+ ∆A δL˜
δRµνρσ
+ · · ·
)
µνρσ
∣∣∣∣∣
gµν , ρ
, (30)
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where A˜ = 4piρ˜2 and the ellipses denote terms that are higher order in perturbations. The first
term is straightforwardly obtained by differentiating Eq. (3) with respect to the Riemann tensor,
δL˜
δRµνρσ
= 12κ2 g
µρgνσ, (31)
where the proper (anti)symmetrization of indices on the right-hand side is implicit. Since the
binormal is normalized so µνµν = −2, the first term in Eq. (30) as simply the unperturbed black
hole entropy S˜ defined in Eq. (6). Moving this term to the left-hand side of Eq. (30), we obtain
an expression for the difference in entropies,
∆S = S − S˜ = ∆SI + ∆SH, (32)
split into an “interaction” and “horizon” contribution. Because we are working at first order in
perturbations, both of these terms should be evaluated on the unperturbed metric and horizon
radius. The interaction contribution,
∆SI = −2piA˜ δ∆L
δRµνρσ
µνρσ
∣∣∣∣∣
g˜µν , ρ˜
, (33)
appears because the interactions of photons and gravitons are modified at low energies. Meanwhile,
the horizon contribution,
∆SH = −2pi∆A δL˜
δRµνρσ
µνρσ
∣∣∣∣∣
g˜µν , ρ˜
= 2pi
κ2
∆A, (34)
is present because higher-dimension operators modify the black hole background, thus shifting the
location of the horizon. Here we have substituted in Eq. (31) to write the right-hand side of this
expression as simply the shift of the horizon area.
4.2 Interaction Contribution
To obtain the interaction contribution to the entropy shift we compute
δ∆L
δRµνρσ
= 2b1Rgµρgνσ + 2b2Rµρgνσ + 2b3Rµνρσ
+ b4FαβFαβgµρgνσ + b5F µαF ραgνσ + b6F µνF ρσ,
(35)
where we have dropped the subdominant contributions from wave function renormalization and
proper (anti)symmetrization on indices is left implicit as before. Substituting the nonperturbed
black hole background into Eq. (35) and evaluating Eq. (33), we obtain
∆SI = S˜ × 2
m2(1 + ξ)3 [8c3 − 2(1− ξ)(c2 + 6c3 + 2c4 + c5 + 2c6)] , (36)
written in terms of the coefficients defined in Eq. (17). Setting ξ = 1 in our expression for ∆SI
in Eq. (36) agrees with the expressions in Ref. [24] as well as their generalization to arbitrary
dimension in Ref. [25].
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4.3 Horizon Contribution
The horizon contribution to the entropy shift depends on the location of the perturbed horizon.
Since the spacetime is static, the horizon is determined by zeros of the metric components f(r) and
g(r) defined in Eq. (26). On general grounds, f(r) and g(r) have coincident zeros since otherwise
the spacetime would contain a region with non-Lorentzian signature. Moreover, we have verified
by explicit calculation that f(r) and g(r) share the same zeros at first order in perturbations.
The perturbed horizon is located at a radius ρ = ρ˜ + ∆ρ. To compute ρ, we expand g(r) =
g˜(r) + ∆g(r) defined in Eq. (27) at first order in perturbations. The perturbed horizon radius
then satisfies the equation
0 = g(ρ) = g˜(ρ˜) + ∆g(ρ˜) + ∆ρ ∂ρ˜g˜(ρ˜). (37)
The first term on the right-hand side vanishes by the definition of the unperturbed horizon radius.
Solving for the horizon shift, we find
∆ρ = −∆g(ρ˜)
∂ρ˜g˜(ρ˜)
. (38)
At first order, the perturbed horizon area is then given by
∆A = A− A˜ = 8piρ˜∆ρ = −8piρ˜∆g(ρ˜)
∂ρ˜g˜(ρ˜)
. (39)
Inputting the perturbed metric in Eq. (27) and evaluating Eq. (34), we obtain
∆SH = S˜ × 4(1− ξ)5m2ξ(1 + ξ)3 [(1 + 4ξ)(c2 + 4c3 + c5 + c6) + 10ξc4 + 2(1− ξ)(2c7 + c8)]. (40)
Note that the horizon contribution to the entropy shift is divergent in the ξ → 0 limit corresponding
to an extremal black hole. Physically, this occurs because the inner and outer horizons become
degenerate, so ∂ρ˜g˜(ρ˜) → 0. In this case, Eq. (37) implies that for some fixed contribution ∆g(ρ˜)
from higher-dimension operators, the horizon must shift by a parametrically large amount ∆ρ in
order to maintain the horizon condition.
Of course, it is inconsistent to take the strict ξ → 0 limit since an infinite entropy shift signals
a breakdown of perturbation theory. Demanding that the shift in entropy be much smaller than
the unperturbed entropy implies that
ξ  ci
m2
. (41)
This lower bound on ξ can be made arbitrarily small provided the black hole is sufficiently large.
However, as shown in Eq. (12), the effects of higher-dimension operators dominate over those of
wave function renormalization only for black hole radii smaller than a certain value, ρ  1/κΛ2.
Using that ci ∼ 1/Λ2 for a weakly coupled ultraviolet completion, Eq. (41) becomes ξ  κ2Λ2.
Thus, it is always possible to take ξ  1 provided the mass scale Λ of the heavy degrees of freedom
lies far below the Planck scale, as is the case for weakly coupled theories.
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5 New Positivity Bounds
5.1 General Bounds
The total entropy shift ∆S = ∆SI + ∆SH is obtained by adding Eq. (36) and Eq. (40), yielding
∆S =S˜ × 45m2ξ(1 + ξ)3×
×
[
(1− ξ)2(c2 + c5) + 2(2 + ξ + 7ξ2)c3 + (1− ξ)(1− 6ξ)c6 + 2(1− ξ)2(2c7 + c8)
]
.
(42)
As we discussed previously, the entropy shift should be positive on general grounds. Combining
Eq. (1) and Eq. (42), we obtain a family of positivity bounds,
(1− ξ)2c0 + 20ξc3 − 5ξ(1− ξ)(2c3 + c6) > 0, (43)
where we have defined the parameter
c0 = c2 + 4c3 + c5 + c6 + 4c7 + 2c8. (44)
The bound in Eq. (43) is the main result of this work: a consistency condition on the coefficients
of higher-dimension operator corrections to Einstein-Maxwell theory following from considerations
of black hole entropy. The full space of bounds, obtained by evaluating Eq. (43) for all ξ ∈ [0, 1],
defines a convex region in the space of coefficients ci. For this reason, the full set of constraints
implied by Eq. (43) is stronger than those implied by any finite set of choices for ξ. The full space
of positivity constraints is depicted in Fig. 2. We have also verified explicitly that Eq. (43), along
with its D-dimensional generalizations given in App. A, is satisfied for all ξ by the low-energy
description of the heterotic string [26]. In the subsequent sections we consider the limits of a
neutral (ξ = 1) and near-extremal (ξ  1) black hole, which imply positivity of the coefficient of
the Riemann-squared operator and the WGC, respectively.
Finally, let us comment on certain implicit assumptions that enter into the entropy condition
in Eq. (1) and thus our final results. Because Eq. (1) applies to corrections to the Bekenstein-
Hawking entropy, it elevates pure Einstein-Maxwell theory as the baseline of comparison for all
other theories. Certainly this is the most economical choice and furthermore the exact alignment
of our bounds with the WGC, including numerical factors, strongly suggests that this is a valid
approach. However, a reasonable concern is whether or not pure Einstein-Maxwell theory up to
the Planck scale can actually be embedded in a consistent theory of quantum gravity. Either way,
our results still hold provided the Wald entropy is a sensible quantity in effective field theory that
can be applied to a low-energy description irrespective of the details of its possible ultraviolet
completion.
An alternative option would be to derive entropy bounds starting not from pure Einstein-
Maxwell theory, but rather from some minimal yet ultraviolet-complete theory. Adding new
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Figure 2: Constraints on higher-dimension operator coefficients derived from black hole entropy.
The shaded regions are excluded, with the gradations corresponding to incremental values of
ξ ∈ [0, 1]. In the left and right panels, the exactly vertical bounds correspond to ξ = 1 and ξ = 0,
respectively, which imply positivity of the Riemann-squared operator and the WGC, respectively.
degrees of freedom on top of this baseline theory would then induce corrections to existing higher-
dimension operator coefficients that are constrained by our methods. The resulting positivity
bounds would be exactly of the form of Eq. (43) except interpreted as differential conditions
where the ci are shifts of the higher-dimension operator coefficients arising from new degrees
of freedom. More broadly, integrating out a generic state should induce corrections to higher-
dimension operator coefficients that also satisfy Eq. (43).
5.2 Riemann-Squared Term
In the limit of a neutral black hole we take ξ = 1 and our bound becomes
c3 > 0, (45)
which tells us that the coefficient of RµνρσRµνρσ is positive. A related claim was also proved in
Ref. [14], which showed via unitarity of the spectral representation that every possible tree-level
ultraviolet completion of this operator yields a positive coefficient in general dimension. Note that
this constraint accords with explicit examples from string theory [26–29].
In the case of pure gravity, this operator is equivalent to the Gauss-Bonnet term,
RµνρσR
µνρσ − 4RµνRµν +R2, (46)
modulo a field redefinition of the gravitational field that effectively inserts the equations of motion,
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i.e., the vacuum Einstein equations,
Rµν = R = 0. (47)
This result is particularly puzzling because the Gauss-Bonnet term is a total derivative in D = 4
and thus has no effect on the local dynamics. Strictly speaking, there is no contradiction because
the black hole horizon is a boundary upon which the Gauss-Bonnet term has support, but this
nevertheless remains peculiar. In the literature, the consistency of this feature has been debated,
with some speculating whether it is a signal of a topological ambiguity in the definition of black
hole entropy [30]. In any case, for our calculation in general dimension D in App. A, we obtain
the same positivity condition as discussed here, with the difference being that the Gauss-Bonnet
term is of course not a total derivative in D > 4.
5.3 Weak Gravity Conjecture
In the limit of a near-extremal black hole we take ξ  1 and our general bound becomes
c0 > 0, (48)
with c0 defined in terms of the other ci in Eq. (44).
As it turns out, this inequality is intimately connected with the extremality condition for a
black hole. To see why, consider the unperturbed Reissner-Nordström solution, for which the
extremal charge-to-mass ratio is z˜ = q/m = 1. Higher-dimension operators slightly shift the
maximum charge-to-mass ratio permitted for a physical black hole, i.e., a black hole free from
naked singularities. The extremality condition is then perturbed to a new value, z = z˜ + ∆z [15].
To compute this shift, we analyze the metric component g(r, z) interpreted as a function of
both the radius and the charge-to-mass ratio. The shifted horizon is defined by the condition
g(ρ, z) = 0. At linear order in perturbations, this condition becomes
0 = g(ρ, z) = g˜(ρ˜, z˜) + ∆g(ρ˜, z˜) + ∆ρ ∂ρ˜g˜(ρ˜, z˜) + ∆z ∂z˜g˜(ρ˜, z˜). (49)
Since the unperturbed black hole is extremal, the first and third terms on the right-hand side are
zero. Solving for the shift in the charge-to-mass ratio yields
∆z = −∆g(ρ˜, z˜)
∂z˜g˜(ρ˜, z˜)
. (50)
By explicit calculation, the charge-to-mass ratio shift is
∆z = 2c05m2 > 0,
(51)
which is positive according to Eq. (71).
As shown in Ref. [15], if ∆z is positive then small black holes automatically satisfy the WGC [6],
which posits that an Abelian gauge theory consistently coupled to quantum gravity must contain
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a state with charge-to-mass ratio greater than unity. In its original formulation [6], the WGC
was presented with several compelling justifications. This included overwhelming circumstantial
evidence from a long list of explicit examples in quantum field theory and string theory. A
more direct argument was also presented in the form of an elegant thought experiment involving
stable black hole remnants [31–35]. In particular, due to mass and charge conservation, a charged
black hole is stable unless there exist lighter states with a higher charge-to-mass ratio. In the
infinite-mass limit, the charge-to-mass ratio of an extremal black hole is dictated by the Reissner-
Nordström solution and approaches unity. Violation of the WGC would then imply the existence
of an infinite tower of stable remnants labeled by the extremal black hole mass, asserted as
pathological in Ref. [6]. While this thought experiment offers some crucial physical intuition for
the WGC, it falls short since there do not exist formal proofs that stable black hole remnants are
actually inconsistent with more established principles like the the covariant entropy bound. In
many cases the number of black hole remnants is very large but still finite; furthermore, the states
are labeled by distinct charges and are thus in principle distinguishable [36].
On the other hand, if the WGC is satisfied then extremal black holes are unstable to decay.
We have shown here that considerations of black hole entropy imply that the charge-to-mass ratio
of an extremal black hole increases with decreasing size. In particular, higher-dimension operators
induce a positive shift of the extremality bound, but these corrections decouple for large black
hole masses. The upshot is then that an extremal black hole of a given mass can always decay into
smaller extremal black holes of a greater charge-to-mass ratio, following the upper curve in Fig. 1.
Our bound in Eq. (48)—and thus our proof of the WGC—generalizes to D spacetime dimensions,
as shown in App. A.
Let us comment on the relation between our results and previous work connecting black holes
and the WGC. First, while the argument in this paper makes critical use of extremal black holes,
our reasoning is completely different from the original proposal of Ref. [6], hinging instead on the
thermodynamic entropy of black holes rather than their stability. More recently, the WGC has
also been linked to the cosmic censorship conjecture [37]. We leave an analysis of this and its
relationship to black hole entropy for future work.
In other recent studies [36, 38], the WGC has also been evaluated in the context of black hole
entropy using methodologies that differ substantially from our own. Both Ref. [36] and Ref. [38]
examine the leading logarithmic corrections to black hole entropy due to the quantum effects of
light matter particles. Such effects are relevant for black holes of size parametrically smaller than
the Compton wavelength of the matter. We, in contrast, consider the opposite regime, which
effectively corresponds to a gapped spectrum. This assumption is required in order to contrast
two theories that are the same at long distances but that have different short-scale modes.
Furthermore, Refs. [36,38] argue for the inconsistency of WGC violation through quite different
means: Ref. [36] makes the argument through the appearance of a low cutoff, while Ref. [38]
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employs the second law of thermodynamics. It is crucial to note that our assertion of a positive
entropy shift is logically distinct from the second law of thermodynamics, which applies to the
difference of entropy before and after a physical process but within the same physical system.
Our construction instead compares the the entropy of two different systems, making use of the
nondynamical definition of entropy as a measure of microstate degeneracy.
Finally, Refs. [36, 38] and also another interesting approach [39] all consider concrete models
with explicit spectra of charged and neutral scalars and fermions. For this reason, these works at
best show that certain WGC-violating theories are inconsistent. This leaves the logical possibility
that more complicated theories that violate the WGC might still be judged valid by their analyses.
In comparison, our work applies to large black holes in a general low-energy effective theory, which
is insensitive to the precise details of the spectrum and hence constitutes a model-independent
argument for the WGC.
5.4 Entropy, Area, and Extremality
A priori, it is somewhat miraculous that the entropy constraint in Eq. (48) is literally equivalent
to the extremality condition in Eq. (51). To briefly summarize, we have shown that
∆S ∼ ∆ρ ∼ ∆z > 0, (52)
so the low-energy corrections to the near-extremal black hole entropy, area, and extremality con-
dition are all proportional to each other and all positive.
Why does the same combination of coefficients c0 appear in all of these inequalities? As it
turns out, this connection is not so mysterious once one considers the perturbed metric component
g(ρ, z) in Eq. (49) as a function of the shift in horizon radius ∆ρ and the shift in the charge-to-
mass ratio ∆z. For a near-extremal black hole of fixed charge and mass, we set ∆z = 0 and
thus ∆ρ = −∆g/∂ρ˜g˜. On the other hand, if the charge and mass are free but the unperturbed
system is exactly extremal, then the ∆ρ term drops out and the charge-to-mass ratio shift is
∆z = −∆g/∂z˜g˜. At the same time, the radial component of the metric g˜ is by definition spacelike
outside the horizon, so ∂ρ˜g˜ > 0. Moreover, since g˜ dictates the gravitational potential at long
distances, it decreases with m and thus increases with the charge-to-mass ratio, so ∂z˜g˜ > 0. This
logic implies that ∆ρ and ∆z have the same sign. Since the entropy shift for a near-extremal black
hole is dominated by the shift in the horizon, ∆S ∼ ∆ρ, we discover that ∆S > 0, ∆ρ > 0, and
∆z > 0 are equivalent bounds.
Conveniently, the above logic immediately extends to the multi-charge generalization of the
WGC proposed in Ref. [7]. For a theory with multiple Abelian factors, the charge-to-mass ratio
defines a vector z in charge space. The WGC then mandates that the unit ball representing all
possible large black holes be contained within the convex hull spanned by the set of all z for
the lighter states in the theory. Crucially, for a multi-charged black hole, the perturbed metric
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only depends on the magnitude of its charge and not the direction. Hence, Eq. (49) still applies,
provided we define z˜ = |z˜| as the magnitude of the charge-to-mass ratio vector of the black hole
and ∆z = ∆z · z˜/|z˜| as its shift. Repeating exactly the argument of the previous paragraph,
we learn that ∆S > 0, ∆ρ > 0, and ∆z · z˜ > 0 are all equivalent. The last inequality implies
that the extremality condition for a multi-charged extremal black hole is perturbed so that the
corresponding unit ball is expanded outward in every direction, thus proving the multi-charge
version of the WGC.
6 Discussion and Conclusions
In this paper, we have used the microstate degeneracy interpretation of black hole entropy to derive
new constraints on the low-energy corrections to Einstein-Maxwell theory. For neutral black holes
this logic implies that the coefficient of the Riemann-squared operator is positive, while for near-
extremal black holes it enforces positivity of a certain linear combination of couplings. This very
same combination of couplings corrects the extremality condition for black holes so that their
charge-to-mass ratios approach unity from above for increasing size. Large extremal black holes
are thus unstable to decay to smaller extremal black holes. Since the latter have charge-to-mass
ratios greater than unity, they automatically fulfill the requirement of the WGC.
Our findings leave a number of avenues for future work. First, it would be interesting to
determine if entropy considerations have any additional implications for the swampland program,
for example by introducing new operators in extended theories like Einstein-dilaton gravity or
by considering black holes embedded in asymptotically AdS or dS space, rotating black holes, or
black holes of different topologies. Second, one would ideally like to understand the relationship,
if any, between these entropy bounds and other contraints on low-energy dynamics coming from
causality, analyticity, and unitarity. Indeed, the positivity of entropy shifts discussed in this paper
stems from state counting in the ultraviolet, which is highly reminiscent of dispersion relations
bounds utilizing the positivity of forward cross-sections [10–13,40–43] and amplitudes approaches
based on the positivity of spectral representations [14,44,45].
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A Generalization to Arbitrary Dimension
A.1 Black Hole Spacetime
In this appendix we generalize all of our results to arbitrary spacetime dimension D ≥ 4. See
footnote 5 for the mass dimensions of various quantities. To begin, we consider the Reissner-
Nordström metric in D dimensions,
ds2 = −f˜(r)dt2 + 1
g˜(r)dr
2 + r2dΩ2D−2, (53)
where dΩ2D−2 is line element on the unit (D − 2)-sphere and
f˜(r) = g˜(r) = 1− 2κ
2M
(D − 2)ΩD−2rD−3 +
Q2κ2
(D − 2)(D − 3)Ω2D−2r2(D−3)
, (54)
as before denoting κ2 = 8piG. The electromagnetic field strength is
F˜ = QΩD−2rD−2
dt ∧ dr, (55)
where the (D − 2)-dimensional area of the unit codimension-two sphere is
ΩD−2 =
2piD−12
Γ
(
D−1
2
) . (56)
Next, let us define new variables for mass and charge in units of the Planck scale,
m = κ
2M
(D − 2)ΩD−2 , q =
κQ√
(D − 2)(D − 3)ΩD−2
, (57)
along with a rescaled radial coordinate,
x = rD−3, (58)
in terms of which the metric component can be written simply as
g˜(r) = 1− 2m
x
+ q
2
x2
. (59)
The outer horizon is located at x = χ˜ = ρ˜D−3, where
χ˜ = m+
√
m2 − q2 = m(1 + ξ) (60)
and ξ is defined as in Eq. (19). The extremality condition for the background Reissner-Nordström
spacetime as before requires q/m ≤ 1.
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Following the perturbative methods of Refs. [15, 16], we can compute the metric components
at first order in perturbations, finding
g(r) = 1− 2m
x
+ q
2
x2
− q
2
x
2(2D−5)
D−3
8∑
i=1
αici, (61)
where the coefficients are
α1 =
(D − 3)(D − 4)
D − 2
[
213D
2 − 47D + 40
3D − 7 q
2 − 8(3D − 5)mx+ 16(D − 2)x2
]
α2 = 2
D − 3
D − 2
8D3 − 55D2 + 117D − 76
3D − 7 q
2 − 4(2D2 − 10D + 11)mx
+ 2(3D − 10)(D − 2)x2

α3 = 4
D − 3
D − 2
8D3 − 48D2 + 87D − 44
3D − 7 q
2 − 2(4D2 − 17D + 16)mx
+ 8(D − 2)(D − 3)x2 − 2(D − 2)(D − 4)m
2x2
q2

α4 = 4(D − 3)
[
(7D − 13)(D − 2)
3D − 7 q
2 − 2(3D − 5)mx+ 4(D − 2)x2
]
α5 = 2(D − 3)
[
(5D − 9)(D − 2)
3D − 7 q
2 − 2(2D − 3)mx+ 3(D − 2)x2
]
α6 = 4(D − 3)
[
4(D − 2)
2
3D − 7 q
2 − (3D − 5)mx+ 2(D − 2)x2
]
α7 = 8
(D − 2)(D − 3)2
3D − 7 q
2
α8 = 4
(D − 2)(D − 3)2
3D − 7 q
2.
(62)
A.2 Calculation of Entropy
As before, the total entropy shift is ∆S = ∆SI + ∆SH, where ∆SI, defined in Eq. (33), arises from
modifications of the low-energy graviton interactions and ∆SH, defined in Eq. (34), is induced by
the shift of the black hole horizon.
To compute the entropy contribution from interactions, we substitute the nonperturbed black
hole background from Sec. A.1 into Eq. (35), yielding
∆SI = S˜ × 2(D − 3)
m
2
D−3 (1 + ξ)
D−1
D−3
{
4(D − 2)c3
− 2(1− ξ)
[
(D − 4)c1 + (D − 3)c2 + 2(2D − 5)c3 + (D − 2)
(
c4 +
1
2c5 + c6
)]}
.
(63)
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To obtain the entropy contribution from the shift in the horizon, we apply Eq. (38). The shift in
the horizon area is then
∆A = A− A˜ = (D − 2)ΩD−2ρ˜D−3∆ρ = −(D − 2)ΩD−2χ˜∆g(ρ˜)
∂ρ˜g˜(ρ˜)
, (64)
where the unperturbed area is A˜ = ΩD−2ρ˜D−2. Inserting the perturbed metric in Eqs. (61) and
(62), we then obtain
∆SH = S˜ × 1
(3D − 7)m 2D−3 ξ(1 + ξ)D−1D−3
×
×
{
c1(1− ξ)(D − 3)(D − 4)[(11D − 24)ξ +D − 4]
+ c2(1− ξ)(D − 3)[(10D2 − 53D + 68)ξ + 2D2 − 11D + 16]
+ 2c3[−(16D3 − 128D2 + 337D − 292)(1− ξ)2
+ 2(3D − 7)(4D2 − 23D + 32)(1− ξ)
− 2(D − 2)(D − 4)(3D − 7)]
+ 2c4(1− ξ)(D − 2)(D − 3)[5(D − 2)ξ +D − 4]
+ 2(c5 + c6)(D − 2)(D − 3)(1− ξ)[2(D − 2)ξ +D − 3]
+ 2(2c7 + c8)(D − 2)2(D − 3)(1− ξ)2
}
.
(65)
As before, we can consider a near-extremal limit in which ξ  1 but ∆S  S˜ so that perturbation
theory still applies. This requires that
ξ  ci
m
2
D−3
, (66)
which permits arbitrarily small ξ for a sufficiently large black hole. However, in order for the
effects of higher-dimension operators to dominate over wave function renormalization, we require
ρ  1/κΛD/2 according to Eq. (12). Hence, if we take ci ∼ 1/Λ2, then Eq. (66) becomes ξ 
κ2ΛD−2, so ξ can still be made parameterically small provided the heavy states are sub-Planckian.
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A.3 New Positivity Bounds
Combining Eqs. (63) and (65), we obtain the total shift in entropy in D dimensions,
∆S = S˜ × 1
(3D − 7)m 2D−3 ξ(1 + ξ)D−1D−3
×
×
{
c1(D − 3)(D − 4)2(1− ξ)2
+ c2(D − 3)(2D2 − 11D + 16)(1− ξ)2
+ 2c3[(8D3 − 60D2 + 151D − 128)(1− ξ)2
− 2(D − 2)(2D − 5)(3D − 7)(1− ξ)
+ 2(D − 2)2(3D − 7)]
+ 2c4(D − 2)(D − 3)(D − 4)(1− ξ)2
+ 2c5(D − 2)(D − 3)2(1− ξ)2
+ 2c6(D − 2)(D − 3)(1− ξ)[−2(2D − 5)ξ +D − 3]
+ 4c7(D − 2)2(D − 3)(1− ξ)2
+ 2c8(D − 2)2(D − 3)(1− ξ)2
}
.
(67)
Positivity of this entropy shift then implies a family of new constraints on the higher-dimension
operator coefficients, which generalizes Eq. (43),
(1− ξ)2c0 + (D − 2)2(3D − 7)ξc3 − 12(D − 2)(D − 3)(3D − 7)ξ(1− ξ)(2c3 + c6) > 0, (68)
where in analogy with Eq. (44) we have defined
c0 =
1
4(D − 3)(D − 4)
2c1 +
1
4(D − 3)(2D
2 − 11D + 16)c2
+ 12(2D
3 − 16D2 + 45D − 44)c3 + 12(D − 2)(D − 3)(D − 4)c4
+ 12(D − 2)(D − 3)
2(c5 + c6) + (D − 2)2(D − 3)
(
c7 +
1
2c8
)
.
(69)
As before, the bound in Eq. (68) is stronger than any finite set of bounds obtained for fixed values
of ξ, i.e., each ξ yields a linearly independent bound.
In the limit of a neutral black hole, ξ = 1, the black hole entropy bound becomes
c3 > 0, (70)
so the coefficient of the Riemann-squared term is positive in general dimension D. On the other
hand, in the near-extremal limit, ξ  1, the bound in Eq. (68) becomes
c0 > 0. (71)
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The above inequality is closely related to the perturbation of the extremality condition discussed
in Sec. 5.3. Applying the same reasoning to general dimension D, we find that the extremality
condition for the perturbed black hole is shifted by
∆z = 4(D − 3)
(3D − 7)(D − 2)m 2D−3
c0, (72)
where c0 is exactly the same combination of coefficients defined in Eq. (69). Thus, the requirement
of Eq. (1) mandating positive entropy shift implies a constraint on the coefficients of higher-
dimension operators that increases the charge-to-mass ratio of extremal black holes in the theory.
In turn, large black holes can decay to smaller black holes of a higher charge-to-mass-ratio, thus
establishing the WGC in general dimension D.
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